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We study exotic superconducting states in SrTiO3 heterostructures on the basis of the three-orbital model, which
reproduces the band structure of two-dimensional electron gases. We show various Fulde-Ferrell-Larkin-Ovchinnikov
(FFLO) states induced by the broken inversion symmetry and orbital degree of freedom. In particular, a novel orbital-
dependent FFLO state is stabilized in a magnetic field along the [110]-axis. The field angle dependence of the FFLO
state is clarified on the basis of the spin and orbital texture in the momentum space. It is shown that the orbital degree of
freedom in Cooper pairs gives rise to in-plane anisotropy of the critical magnetic field. The carrier density dependence
of the superconducting state is also discussed.
1. Introduction
Since the discovery of two-dimensional conducting elec-
tron gases at the interface between two band insulator per-
ovskite oxides SrTiO3/LaAlO3,1) quantum phases in SrTiO3
heterostructures have been explored extensively. Supercon-
ductivity has been found not only in the SrTiO3/LaAlO3
interface2) but also on the SrTiO3 surface induced by an
electric double-layer transistor (EDLT).3) Superconductivity
also occurs in the SrTiO3/LaTiO3 interface4) and δ-doped
SrTiO3.5) Interestingly, these superconducting states are ar-
tificially tuned by the gate voltage.3, 6–10) The EDLT tech-
nique also realized electric-field-induced superconductivity in
KTaO3, MoS2, ZrNCl, and La1−xSrxCuO4.6) In this paper, we
propose exotic superconducting states that appear in SrTiO3
heterostructures.
Superconductivity induced by the condensate of Cooper
pairs having a finite center-of-mass momentum was pro-
posed by Fulde and Ferrell11) and by Larkin and Ovchin-
nikov12) five decades ago,13) although the standard BCS the-
ory assumes a zero center-of-mass momentum in Cooper
pairs.14) Experimental searches for the Fulde-Ferrell-Larkin-
Ovchinnikov (FFLO) state found the heavy-fermion super-
conductor CeCoIn5,15, 16) some organic superconductors,17–20)
and iron-based superconductors21–23) to be promising can-
didates. The FFLO states in population-imbalanced cold
fermion gases24) and in nuclear matter25) have also attracted
interest.
For the FFLO state rather than the BCS state to be stabi-
lized, the spin polarization must be caused by something that
breaks the time-reversal symmetry, such as an applied mag-
netic field or proximity to a ferromagnet.11–13) A magnetic
field is most easily achieved, but it simultaneously leads to
the orbital depairing effect and often destabilizes the FFLO
state.26, 27) In the above candidate materials for the FFLO
superconductor, the heavy and anisotropic effective mass of
quasiparticles suppresses the orbital depairing effect and al-
lows the FFLO state to be stabilized. On the other hand, the
orbital depairing effect is completely suppressed when a mag-
netic field is applied parallel to the conducting plane of two-
dimensional electron gases. Therefore, SrTiO3 heterostruc-
∗E-mail address: yanase@phys.sc.niigata-u.ac.jp
tures are a valuable platform for realizing the FFLO state.
The artificial tuning of the superconducting state using the
gate voltage3, 6–10) may enable a novel FFLO state to emerge.
For instance, the lack of space inversion symmetry on the sur-
face/interface allows an FFLO state beyond the paradigm of
Fulde and Ferrell and of Larkin and Ovchinnikov. For clar-
ity, we adopt the following classification of the FFLO state.
The Fulde-Ferrell (FF) state is the single-Q condensate repre-
sented by the order parameter ∆(r) = ∆ eiqr in real space,11)
whereas the Larkin-Ovchinnikov (LO) state is the double-Q
state where ∆(r) = ∆
(
eiqr + e−iqr
)
/2 = ∆ cos(qr).12) While
the phase of the order parameter shows spatial modulation
in the FF state, the order parameter in the LO state acquires
amplitude modulation. Furthermore, it has been shown that
the triple-Q, quadruple-Q, and sextuple-Q states are stabilized
when the Fermi surface has cylindrical symmetry.28)
Recent theoretical studies on superconductivity lacking in-
version symmetry, which is called noncentrosymmetric super-
conductivity,29) elucidated a “helical superconducting state”
similar to the FF state.30–35) Owing to the antisymmetric spin-
orbit coupling appearing in noncentrosymmetric crystals,29)
the helical state is stabilized in the low-magnetic-field region
above Hc1, in contrast to the FFLO state which requires a high
magnetic field close to the Pauli limit to be stabilized in cen-
trosymmetric crystals. It has also been shown that an interme-
diate state between the FF and LO states, which we call the
“complex stripe (CS) state”, emerges from the helical state.34)
A helical state robust against spin polarization has been pro-
posed for the SrTiO3/LaAlO3 interface36) in order to eluci-
date the coexistence of superconductivity and ferromagnetic
order.37–41)
Although these previous theories are based on single-band
and single-orbital models, it has been shown that the or-
bital degree of freedom in t2g electrons plays an important
role in the magnetic response of superconducting SrTiO3 het-
erostructures.42) Thus, a further novel FFLO state may be in-
duced by the cooperation between the broken inversion sym-
metry and the orbital degree of freedom. Although the FFLO
superconductivity in multi-band models has been investigated
in recent studies43–45) triggered by the observation of a para-
magnetic depairing effect in iron-based superconductors,21–23)
the orbital degree of freedom has not been taken into account.
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When we assume a pairing interaction on the band basis as in
the literature,43–45) the momentum dependence of the orbital
wave function in the band is neglected. On the other hand,
it is naturally taken into account in the multi-orbital model
that we adopt in this paper. Furthermore, the Rashba spin-
orbit coupling, which plays an essential role in this study, is
appropriately derived in the multi-orbital model,46) although
it is difficult to do so in multi-band models. Thus, the multi-
orbital model is a reasonable starting point in this study. We
show that the multi-orbital nature gives rise to an FFLO state
beyond the multi-band models.
In this work, we investigate superconducting SrTiO3 in a
parallel magnetic field on the basis of the three-orbital model,
which reproduces the band structure of two-dimensional elec-
tron gases, and examine the roles of the orbital degree of free-
dom and spin-orbit coupling. It is shown that the orbital de-
generacy in t2g-orbitals on the Ti ions markedly affects the
FFLO state. In particular, we obtain the following results for
the multi-orbital FFLO state, (1) a rich phase diagram involv-
ing the orbital-dependent complex stripe state, which has not
been revealed for single-band models,30–35) and (2) highly
anisotropic behaviors of the superconducting state with re-
spect to the in-plane rotation of the magnetic field. We also
investigate the evolution of the FFLO state by increasing the
carrier density, which can be controlled by applying the gate
voltage.3, 6–10)
In Sect. 2, we introduce the three-orbital tight-binding
model for SrTiO3 heterostructures, and explain the linearized
gap equation by which the superconducting instability is in-
vestigated. In Sect. 3.1, the in-plane anisotropy of the crit-
ical magnetic field is shown and attributed to the spin tex-
ture, which is affected by the orbital degeneracy. The FFLO
states in magnetic fields parallel to the [100]-axis and [110]-
axis are studied in Sects. 3.2 and 3.3, respectively. The in-
plane field angle dependence of the superconducting state is
illustrated in Sect. 3.4. The carrier density dependence of the
FFLO states is discussed in Sect. 4. Finally in Sect. 5, we
summarize the results and propose experimental searches for
the various FFLO states in SrTiO3 heterostructures.
2. Formulation
2.1 Three-orbital model for SrTiO3 heterostructures
We adopt a three-orbital tight-binding model for t2g-orbitals
on Ti ions. As shown by experiments47–50) and electronic
structure calculations,50–56) the conduction bands in SrTiO3
heterostructures mainly consist of t2g-orbitals. Although the
electronic structure depends on the interface/surface termina-
tion, the band structure of two-dimensional electron gases is
described by the one-body part of the Hamiltonian,
H0 = Hkin + Hhyb + HCEF + Hodd + HLS, (1)
Hkin =
∑
k
∑
m=1,2,3
∑
s=↑,↓
(εm(k) − µ) c†k,msck,ms, (2)
Hhyb =
∑
k
∑
s=↑,↓
[V(k) c†k,1sck, 2s + h.c.], (3)
HCEF = ∆
∑
i
n3i, (4)
Hodd =
∑
k
∑
s=↑,↓
[Vx(k) c†k,1sck, 3s + Vy(k) c†k,2sck, 3s + h.c.], (5)
HLS = λ
∑
i
Li · Si, (6)
where ck,ms is the annihilation operator for an electron with
momentum k, orbital m, and spin s. Here, the (dyz, dzx, dxy)-
orbitals are denoted by the orbital index m = (1, 2, 3), respec-
tively. The first term Hkin describes the kinetic energy of each
orbital and includes the chemical potential µ. The second term
Hhyb is the intersite hybridization term of dyz- and dzx-orbitals.
The third term HCEF introduces the crystal electric field with
tetragonal symmetry.
Since the mirror symmetry with respect to the conduct-
ing plane is broken by the interface/surface, hybridization is
allowed between the dxy-orbital and (dyz, dzx)-orbitals,56, 57)
which is represented by the odd-parity hybridization term
Hodd. Thus, the broken inversion symmetry is introduced in
our model. The Rashba spin-orbit coupling appears as an ef-
fective spin-orbit coupling arising from the odd-parity hy-
bridization term Hodd and the LS coupling term HLS.46, 56, 58)
Although the Rashba spin-orbit coupling is often assumed
phenomenologically in theoretical models,29) it is microscop-
ically derived in our model.
The following tight-binding forms are adopted in this pa-
per.
ε1(k) = −2t3 cos kx − 2t2 cos ky, (7)
ε2(k) = −2t2 cos kx − 2t3 cos ky, (8)
ε3(k) = −2t1(cos kx + cos ky) − 4t4 cos kx cos ky, (9)
V(k) = 4t5 sin kx sin ky, (10)
Vx(k) = 2itodd sin kx, (11)
Vy(k) = 2itodd sin ky. (12)
The electronic structure of two-dimensional electron
gases in the SrTiO3/LaAlO3 interface48, 49, 51–56) is repro-
duced by the parameter set (t1, t2, t3, t4, t5, todd, λ,∆) =
(1, 1, 0.2, 0.4, 0.1, 0.1, 0.1, 2.45), where the unit of energy
is chosen as t1 = 1. A first-principles band structure
calculation55) obtained t1 ≃ 300 meV. In this paper, we
mainly investigate a high two-dimensional carrier density
of n = 0.15 ≃ 1 × 1014 cm−2, which has been realized in a
gate-controlled SrTiO3/LaAlO3 interface9) and in a SrTiO3
surface.3) We show the carrier density dependence of the
superconducting state in Sect. 4 and demonstrate that unusual
properties disappear in the lower carrier density region.
For the study of superconductivity, we assume attractive
interactions in the s-wave channel,
HI =U
∑
i
∑
m
ni,m↑ ni,m↓ + U ′
∑
i
∑
m,m′
ni,m↑ ni,m′↓, (13)
where U and U ′ describe the intraorbital and interorbital at-
tractive interactions, respectively. The s-wave symmetry of
the superconductivity has been evidenced by both theory and
experiment. A measurement of superfluid density showed the
full excitation gap in the superconducting state.59) Further-
more, it has been theoretically shown that the transition tem-
perature of approximately 0.3 K and its nonmonotonic car-
rier density dependence in the SrTiO3/LaAlO3 interface are
reproduced by the s-wave attractive interaction mediated by
optical phonons.60) The renormalization of the band structure
observed by ARPES measurements has also been explained
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by taking into account the electron-phonon coupling.50) Thus,
s-wave superconductivity is likely to occur in SrTiO3 het-
erostructures as well as in bulk SrTiO3.61) We assume U = U ′
and choose U so that the transition temperature at zero mag-
netic field is Tc = 0.001. It has been confirmed that the fol-
lowing results are almost independent of U and the ratio U ′/U
as long as the reasonable condition U ′/U ≤ 1 is satisfied.62)
We do not take into account the pairing interaction in the odd-
parity channel, and thus the parity mixing in Cooper pairs is
ignored. This simplification is also justified because the role
of induced odd-parity Cooper pairs in FFLO superconductiv-
ity is negligible unless the amplitude of odd-parity Cooper
pairs is comparable to that of even-parity Cooper pairs.63, 64)
Although superconductivity induced by odd-parity Cooper
pairs has been theoretically proposed,65, 66) we do not consider
such unconventional Cooper pairing, which may be caused by
the strong electron correlation.
The purpose of our study is to elucidate the spin-polarized
FFLO superconducting states in the two-dimensional electron
gases formed on SrTiO3 heterostructures. Thus, we consider
the Zeeman coupling term, which is induced by a magnetic
field or by the coexisting ferromagnetic order,36)
HZ = −
∑
k
∑
m
∑
s,s′
µBH · σss′ c†k,msck,ms′ , (14)
where σ is the Pauli matrix and µB is the Bohr magneton.
When we apply a magnetic field, superconductivity is de-
stroyed through the orbital depairing effect as well as through
the spin polarization induced by the Zeeman coupling term
(paramagnetic depairing effect). However, the orbital depair-
ing effect is negligible for a magnetic field parallel to two-
dimensional electron gases, although it reduces the critical
magnetic field along the [001]-axis to Hc
c2 ∼ 0.1 T, which
is much smaller than the Pauli limit. The ferromagnetic mo-
ment coexisting with the superconductivity is parallel to the
conducting plane,38–41) and thus the proximity effect gives rise
to the effective magnetic field H along the ab-plane. Thus, we
assume a parallel magnetic field in the following sections and
ignore the orbital depairing effect. The total Hamiltonian is
given by H = H0 + HI + HZ.
2.2 Linearized gap equation
We determine the instability to the superconducting state
by solving the linearized mean field gap equation formulated
in the following manner. First, we diagonalize the one-body
Hamiltonian H0 + HZ using the unitary matrix
ˆU(k) =

u1↑,1 · · · u1↑,6
u2↑,1 · · · u2↑,6
...
. . .
...
u3↓,1 · · · u3↓,6

. (15)
Thereby, the basis changes as C†k = Γ
†
kU
†(k), where C†k =
(c†k, 1↑, c†k, 2↑, · · · , c†k, 3↓) and Γ†k = (γ†k, 1, γ†k, 2, · · · , γ†k, 6). By us-
ing the operators in the band basis, the one-body Hamiltonian
is diagonalized as
H0 + Hz =
∑
k
6∑
j=1
E j(k) γ†k, j γk, j, (16)
where E j(k) is the energy of a quasiparticle and we take
Ei(k) ≥ E j(k) for i > j. The Matsubara Green functions in
the spin and orbital basis are obtained as@
Gm′s′, ms(k, iωl) = −
∫ β
0
dτeiωlτ〈ck,m′ s′(τ)c†k,ms(0)〉, (17)
=
6∑
j=1
1
iωl − E j(k)um
′s′ , j(k)u∗ms, j(k), (18)
where ωl is the Matsubara frequency.
The linearized gap equation is formulated by considering
the divergence of the T-matrix, which is defined as
ˆT (q) = ˆT0(q) − ˆT (q) ˆHI ˆT0(q). (19)
The wave vector q represents the center-of-mass momentum
of Cooper pairs. The matrix element of the irreducible T-
matrix ˆT0(q) is obtained as
T (mn,m
′n′)
0 (q)
= T
∑
ωl
∑
k
[Gm′↑,m↑(q/2 + k, iωl)Gn′↓, n↓(q/2 − k,−iωl)
−Gn′↓,m↑(q/2 + k, iωl)Gm′↑, n↓(q/2 − k,−iωl)], (20)
where T is the temperature. When we represent the T-matrix
using the basis (mn) = (11, 12, 13, 21, 22, 23, 31, 32, 33), the
interaction term is represented by the 9 × 9 diagonal ma-
trix ˆHI = (Umδmn) with Um = U for m = 1, 5, 9 and
Um = U ′ for others. The superconducting transition occurs
when the maximum eigenvalue λmax of the matrix, − ˆHI ˆT0(q),
is unity. The order parameter in the orbital basis is obtained
from the eigenvector (ψmn), which is proportional to ∆mn =
−g
∑
k〈cq/2+k,m↑cq/2−k, n↓〉 with g = U for m = n and g = U ′
for m , n. Thus, the superconducting state below the transi-
tion temperature Tc(H) is determined by the linearized gap
equation, although the full solution of the Bogoliubov-de
Gennes equation is required for studying the superconducting
state at low temperatures.
The superconducting transition is induced by the quasi-
long-range order in two-dimensional systems and described
by the Berezinskii-Kosterlitz-Thouless (BKT) transition.67, 68)
Although even the quasi-long-range order of FFLO supercon-
ductivity is suppressed in isotropic two-dimensional systems,
the anisotropy in the Fermi surface allows the quasi-long-
range order.69) Indeed, critical behaviors of the BKT transi-
tion have been observed in the SrTiO3/LaAlO3 interface.2, 7, 70)
The BKT transition temperature is roughly obtained using the
following equation:68)
TBKT =
pi
2m∗
ρ (TBKT) , (21)
where ρ (T ) is the superfluid density. Because of the large su-
perfluid density and small transition temperature of SrTiO3
heterostructures, the transition temperature obtained on the
basis of mean field theory (Tc) almost coincides with the BKT
transition temperature (TBKT),2) as 1 − TBKT/Tc ≪ 1. Thus,
the superconductivity in SrTiO3 heterostructures is approxi-
mately described on the basis of mean field theory, although
the long-range order obtained using mean field theory is in-
terpreted as a quasi-long-range order at finite temperatures.
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2.3 Classification of FFLO states
For clarity, we classify various FFLO states, which will
appear in the following sections. Although the FFLO states
have been classified into the single-Q FF state11) and double-
Q LO state,12) the so-called helical state can emerge in non-
centrosymmetric superconductors.30–35) The order parameter
of the helical state is formally the same as that of the FF
state, but the magnitude of the center-of-mass momentum,
|q| ∼ (α/EF) · (µBH/Tc) · ξ −1, is much smaller than that in
the FF state, |q| ∼ ξ −1, where ξ is the coherence length. The
helical state is stabilized by the asymmetric deformation of
Fermi surfaces arising from the antisymmetric spin-orbit cou-
pling and magnetic field.29) Therefore, the magnitude |q| is
proportional to α and H. Thus, long-period spatial modula-
tion characterizes the helical state. Indeed, the crossover from
the helical state to the FF state occurs by increasing the mag-
netic field,63) and we differentiate these two states by looking
at the magnitude of q. Above the crossover field, the CS state
where ∆(r) = ∆
(
eiqr + δe−iqr
)
/2 , ∆ cos(qr) may be stabi-
lized in the low-temperature region.34) Below, we will show
that a novel two-component CS state due to the orbital de-
gree of freedom is stabilized in SrTiO3 heterostructures (see
Sect. 3.3).
3. FFLO superconductivity
As we find that the superconducting state markedly de-
pends on the direction of the magnetic field, we first show
the anisotropic paramagnetic depairing effect in Sect. 3.1.
Then, we show the FFLO superconducting states for H ‖
[100] and H ‖ [110] in Sects. 3.2 and 3.3, respectively.
The field angle dependence of the superconducting state for
H ‖ (cos θ, sin θ, 0) is discussed in Sect. 3.4.
3.1 In-plane anisotropy of paramagnetic depairing effect
 0
 1
 2
 3
 4
 5
 6
 0  0.2  0.4  0.6  0.8  1
 
µ B
Η
c2
/Τ
C
 Τ/ΤC
H//[110] q=0
 q=0
H//[100] q=0
 q=0
Fig. 1. (Color online) Critical magnetic fields of the BCS state (red dashed
lines) and FFLO state (black solid lines). Thick and thin lines show the nor-
malized critical magnetic fields µBHc2/Tc along the [100]- and [110]-axes,
respectively. We assume the carrier density n = 0.15 ≃ 1×1014 cm−2 through-
out Sect. 3.
First, we show the anisotropy of the paramagnetic depair-
ing effect, which arises from the orbital degeneracy in the
electronic structure. We also study the thermodynamical sta-
bility of the FFLO state by comparing the critical magnetic
fields of the BCS state and FFLO state. Figure 1 shows that
the critical magnetic field is enhanced by allowing the Cooper
pairs to have a finite center-of-mass momentum. However,
for H ‖ [100], the enhancement is negligible and is much
smaller than the effect of canonical FFLO superconductivity
on the critical magnetic field.13) On the other hand, the critical
magnetic field along the [110]-axis is considerably enhanced.
Since the critical magnetic field for H ‖ [110] is smaller than
that for H ‖ [100], a larger paramagnetic depairing effect is
indicated for the former.
 0
 0.4
 0.8
 1.2
 0  0.4  0.8  1.2
ky
 
kx
Fig. 2. (Color online) Spin texture in the 1st band. Arrows show the g-
vector g1(k) defined in Eq. (22). Solid and dashed lines show the Fermi sur-
faces split by spin-orbit coupling.
We explain the large anisotropy of the paramagnetic depair-
ing effect by illustrating the spin texture of spin-split bands.
The spin degeneracy in the band structure is lifted by the
spin-orbit coupling in a noncentrosymmetric metal.29) The
momentum-dependent spin polarization is described by the
“g-vector”, which is defined for the lth band as42, 58)
gl(k) = (E2l(k) − E2l−1(k)) ˜S av2l (k). (22)
The spin polarization axis ˜S av2l (k) = S av2l (k)/|S av2l (k)|
is obtained by calculating the average spin S av2l (k) =
〈
∑
m
∑
ss′ σss′c
†
k,msck,ms′〉2l for each momentum k. The arrows
in Fig. 2 show the g-vector of the 1st band whose spin-split
Fermi surfaces are shown by the solid and dashed lines. We
see that the g-vector is almost perpendicular to the [100]-
axis in half of the Brillouin zone, |kx| > |ky|, where the 1st
band mainly consists of the dyz-orbital. As shown in the lit-
erature,29) Cooper pairs are robust against the paramagnetic
depairing effect when the spin polarization axis is perpendic-
ular to the magnetic field. Thus, the quasi-one-dimensional
superconducting state mainly induced by the dyz-orbital sub-
stantially avoids the paramagnetic depairing effect for H ‖
[100].42) Indeed, a large critical magnetic field beyond the
Pauli limit has been observed in the SrTiO3/LaAlO3 inter-
face.9) On the other hand, we see that the spin polarization
axis is not perpendicular to the [110]-axis in the entire Bril-
louin zone except for a tiny region near kx = ky. Therefore, the
large paramagnetic depairing effect suppresses the BCS state
for H ‖ [110], and it is partly avoided in the FFLO state.
The large anisotropy discussed above is attributed to the or-
bital degree of freedom in the t2g electron system. Indeed, the
spin texture shown in Fig. 2 is typical for an orbitally degener-
ate noncentrosymmetric metal. When the crystal electric field
is sufficiently large so that the orbital degree of freedom is
quenched, an often assumed Rashba-type antisymmetric spin-
4
J. Phys. Soc. Jpn. DRAFT
orbit coupling [gl(k) ∝ (sin ky,− sin kx, 0)] is obtained.58) On
the other hand, in orbitally degenerate systems, the g-vector
dramatically changes direction near the symmetric axis in the
Brillouin zone,58) as clearly shown in Fig. 2. Thus, the char-
acteristic spin texture in the multi-orbital systems causes the
anisotropic behaviors of superconductivity with respect to the
magnetic field. In the following subsections, we show that
the FFLO states in SrTiO3 heterostructures depend on the in-
plane direction of the magnetic field.
3.2 Nonmonotonic evolution of FFLO state in H ‖ [100]
T/Tc
µB
H
/T
c
5.0
5.5
6.0
FF state
(qy > 0)
CS state
(Double-Q)
(a)
(b)
FF state
(qy < 0)
-0.0015
-0.001
-0.0005
 0
 0.0005
 0  1  2  3  4  5  6
 µBΗ/ΤC
q y Two-dimensional
superconductivity
Quasi-one-
dimensional
superconductivity
Helical state FF
state
Fig. 3. (Color online) (a) center-of-mass momentum in Cooper pairs at T =
Tc(H) as a function of the magnetic field along the [100]-axis. As q = qy yˆ, we
plot qy. The crossover in the superconducting state is described (see the text
for details). (b) Schematic phase diagram in the high-magnetic-field region.
Multiple superconducting transitions are illustrated by red dashed lines.
The superconducting state shows several crossovers and the
FFLO state nonmonotonically changes with increasing mag-
netic field along the [100]-axis. The antisymmetric spin-orbit
coupling arising from the interfacial mirror-symmetry break-
ing is of the Rashba type,71) and thus the Cooper pairs acquire
a center-of-mass momentum perpendicular to the magnetic
field.29) Indeed, we obtain q ‖ [010] unless H = 0. Figure 3(a)
shows the [010]-component qy as a function of the magnetic
field. We see a peak at approximately µBH/Tc = 2.4, al-
though |qy| monotonically increases with the magnetic field
in single-band models.63) The peak is associated with the di-
mensional crossover of the superconducting state.42) The su-
perconductivity is mainly induced by the degenerate (dyz, dzx)-
orbitals in the low-magnetic-field region, and it changes to
the quasi-one-dimensional superconducting state induced by
the dyz-orbital at approximately µBH/Tc = 2.4. Since the
paramagnetic depairing effect is suppressed in the latter, as
we discussed in Sect. 3.1, the center-of-mass momentum in
Cooper pairs is decreased with increasing magnetic field for
2.4 < µBH/Tc < 5.
The superconducting state shows another crossover from
the helical state to the FF state at approximately µBH/Tc = 5,
as indicated by the second increase in qy above µBH/Tc > 5.
Then, the sign of qy suddenly changes at µBH/Tc = 5.5.
Because the two momenta are degenerate at µBH/Tc = 5.5,
the multiple superconducting phases appear, as illustrated in
Fig. 3(b). Here, it is assumed that the Cooper pair condensates
for both momenta qy = q+ ∼ +0.0005 and qy = q− ∼ −0.0011
coexist below Tc as in the single-band model.34) The super-
conducting state shows a phase transition from the single-
Q FF state with qy > 0 to the double-Q state, and it again
changes to the single-Q FF state with qy < 0 with increasing
magnetic field.
The order parameter in the double-Q state is described as
∆mn(r) = ∆(+)mn eiq+y + ∆(−)mn eiq−y. (23)
Since |q+| , |q−|, both the amplitude and phase of the or-
der parameter are spatially inhomogeneous as in the CS state.
As the sign change of qy does not occur in single-orbital
models,33, 34, 63) the multiple superconducting transitions illus-
trated in Fig. 3(b) are attributed to the orbital degree of free-
dom in t2g electron systems.
3.3 Orbital-dependent FFLO state in H ‖ [110]
Next, we investigate the FFLO state in a magnetic field
along the [110]-axis. Figure 4 shows the marked increase
in the center-of-mass momentum in Cooper pairs above the
magnetic field µBH/Tc > 1.7. Similar behavior has been ob-
tained for single-band models for noncentrosymmetric super-
conductors.63) It indicates the crossover from the helical state
to the FF state. However, the superconducting state in the
high-magnetic-field region is distinct from the conventional
FF state, as we will show below.
 0
 0.001
 0.002
 0.003
 0.004
 0.005
 0.006
 0  0.5  1  1.5  2  2.5  3
 µBΗ/ΤC
|q|
Fig. 4. Magnitude of center-of-mass momentum |q| at T = Tc(H) as a func-
tion of the magnetic field along the [110]-axis.
Figure 5 shows the center-of-mass momentum q = (qx, qy)
in the two-dimensional momentum space for various mag-
netic fields. Although the isotropic Rashba superconductor
acquires a center-of-mass momentum perpendicular to the in-
plane magnetic field, namely, q ‖ [1¯10] in this case, we see
a deviation of q from the symmetric [1¯10]-axis at high mag-
netic fields, µBH/Tc > 2.3. The deviation is caused by the
5
J. Phys. Soc. Jpn. DRAFT
quasi-one-dimensional nature of the Fermi surface, which fa-
vors the FFLO state with q ‖ [100] or q ‖ [010]. The high-
field FFLO state is determined by the competition between
the Rashba spin-orbit coupling and the anisotropy in Fermi
surfaces, and the center-of-mass momentum is generally rep-
resented as q1,2 = q⊥ ± q‖. Here, we decomposed q1 and q2
into q⊥ ‖ [1¯10] and q‖ ‖ [110].
 qx
 0
 0
 0.005 -0.007
 0.003
 0.001
 0.005
 0.007
 -0.002
 
q y
 H
Fig. 5. (Color online) Center-of-mass momentum of Cooper pairs for vari-
ous magnetic fields along the [110]-axis. Each mark is obtained at a magnetic
field and temperature represented in Fig. 6. The superconducting state is de-
scribed by the two-component order parameters with respect to the center-of-
mass momentum in the high-magnetic-field region.
Because of the mirror symmetry along the [110]-axis, the
superconducting state has twofold degeneracy with respect to
the center-of-mass momentum, q1 and q2. Thus, the super-
conducting state is described by the two-component order pa-
rameters η = (η1, η2), where η1 corresponds to q1 and η2 cor-
responds to q2. The Ginzburg-Landau free energy is described
as
F = −α0
(
1 − T
Tc(H)
)
|η|2 +
β
2
|η|4 + γ |η1|
2 |η2|
2
+κ1
(
|Dx˜ η1|2 + |Dx˜′ η2|2
)
+ κ2
(
|Dy˜ η1|2 + |Dy˜′ η2|2
)
, (24)
where Da = −i∂a+2eAa is a covariant derivative. Note that the
principal axis of gradient terms is different between the two-
component order parameters, as (x˜, y˜) , (x˜′, y˜′). When the
magnetic field is precisely applied to the ab-plane, the gra-
dient terms do not play any role. Then, the double-Q state,
where η ∝ (1, eiθ), is stable when γ < 0. On the other hand,
the single-Q state, where η ∝ (0, 1) or η ∝ (1, 0), is stable
otherwise.
The order parameter in the orbital basis is represented by η
as
∆mn(r) = η1 ∆(1)mn eiq1 r + η2 ∆(2)mn eiq2 r, (25)
= eiq⊥ r
[
η1 ∆
(1)
mn e
iq‖r + η2 ∆
(2)
mn e
−iq‖ r
]
, (26)
where ∆(1)mn and ∆(2)mn are obtained by the linearized gap equa-
tion for q = q1 and q = q2, respectively. For both momenta,
the dominant components are ∆(1,2)11 and ∆
(1,2)
22 , which describe
the intra-orbital Cooper pairs formed by the dyz- and dzx-
orbitals, respectively. We find that |∆(1)11 | = |∆
(2)
22 | < |∆
(2)
11 | =
|∆
(1)
22 |, because the dyz-orbital (dzx-orbital) favors the FFLO
state with q ‖ [100] (q ‖ [010]). Thus, the Cooper pairs in
the single-Q state are “orbital-polarized”.
On the other hand, the order parameter in the double-Q
state is described as
∆11(r) = ∆ eiq⊥r
[
δ eiq‖ r + e−iq‖ r
]
, (27)
∆22(r) = ∆ eiq⊥r
[
eiq‖ r + δ e−iq‖ r
]
, (28)
where ∆ = |∆(2)11 | = |∆
(1)
22 |, and δ < 1. For instance, we obtain
δ = 0.88 at µBH/Tc = 3.2. Equations (27) and (28) are similar
to the order parameter in the CS state, but they acquire a phase
oscillation eiq⊥ r. Furthermore, the average center-of-mass mo-
mentum in Cooper pairs depends on the orbital: it is q⊥ −
1−δ2
1+δ2 q‖ for the dyz-orbital and q⊥ +
1−δ2
1+δ2 q‖ for the dzx-orbital.
Thus, we call the double-Q state the “orbital-dependent com-
plex stripe (ODCS) state”. An analogous “layer-dependent
complex stripe state” has been proposed for multilayer super-
conductors affected by spin-orbit coupling.72)
 0
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Fig. 6. (Color online) Phase diagram for H ‖ [110]. The solid line is the
critical magnetic field obtained by our calculation, and the marks correspond
to those in Fig. 5. A second-order phase transition line is schematically drawn
by the dashed line. The ODCS state and helical state are stabilized in the high-
and low-magnetic-field regions, respectively.
Because the orbital polarization in Cooper pairs costs fi-
nite energy, it is expected that the double-Q state is more sta-
ble than the single-Q state. Since the superconducting gap in
the single-Q state is anisotropic in the momentum space, the
single-Q state gains less condensation energy than the double-
Q state. Thus, we assume γ < 0 and draw the schematic
phase diagram in Fig. 6. The helical state is stabilized in the
low-magnetic-field region, while the ODCS state is stable in
the high-magnetic-field region. The continuous second-order
phase transition occurs in the superconducting state, as illus-
trated by the dashed line, where q‖ grows with increasing
magnetic field.
The Ginzburg-Landau free energy in Eq. (24) conserves
the U(1) × U(1) symmetry in the order parameter manifold.
Therefore, the fractional vortex can emerge when the mag-
netic field is slightly tilted from the ab-plane. When the vor-
tex cores of the η1 component are shifted from those of the
η2 component, as favored for −β < γ < 0, a fractional vor-
tex lattice is formed. The fractional vortex lattice has been
topologically identified to be a skyrmion lattice of supercon-
ductivity.73)
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3.4 Field angle dependence
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Fig. 7. (Color online) (a) The solid line shows the critical magnetic field
at T/Tc = 0.05 as a function of θ, the angle of the in-plane magnetic field
H = H(cos θ, sin θ, 0). The red dashed line is the critical field of the BCS
state. We also show the crossover line between the helical state and the FF
state (black dash-dotted line). The ODCS phase is schematically drawn by the
shaded area. The double-Q CS state in Fig. 3(b) is not shown in this figure.
(b) Cooper pair momentum q = (qx, qy) at T/Tc = 0.05 and H = Hc2(T ) for
various magnetic field directions from θ = 0 to θ = pi/2. Marks in Fig. 7(b)
correspond to those in Fig. 7(a). For example, the open blue circle is obtained
for θ = pi/2.
As we have discussed in Sects. 3.1-3.3, the paramagnetic
depairing effect and the resulting FFLO state are markedly
different between H ‖ [100] and H ‖ [110] because of the
orbital degree of freedom in the t2g electrons. Here, we clarify
the field angle dependence of the superconducting state for
H ‖ (cos θ, sin θ, 0).
Figure 7(a) shows the field angle dependence of the crit-
ical magnetic field. As we showed in Sect. 3.1, the critical
magnetic field is enhanced near θ = 0 and θ = pi/2, while
it is insensitive to θ at around θ = pi/4. Thus, an experimen-
tal observation of the enhancement of the critical magnetic
field at around θ = 0 may indicate the orbital degree of free-
dom which plays an important role on the superconductivity
in SrTiO3 heterostructures.
When the magnetic field is slightly tilted from the [110]-
axis, the degeneracy with respect to the center-of-mass mo-
mentum q = q1 and q = q2 is lifted. Therefore, the single-Q
FF state is stable just below the critical magnetic field. How-
ever, the ODCS state is stabilized by decreasing the magnetic
field when the field angle is close to θ = pi/4. A schematic
phase diagram is drawn in Fig. 7(a). The FF state continu-
ously changes to the helical state with decreasing magnetic
field, as we discussed earlier.
Figure 7(b) shows the field angle dependence of the Cooper
pair momentum. For H ‖ [100] and [010], the momentum
q is perpendicular to the magnetic field, and the magnitude
|q| is small because the paramagnetic depairing effect is sup-
pressed. The magnitude grows with the tilting of the magnetic
field to the [110]-axis. The center-of-mass momentum of the
Cooper pairs markedly changes through θ = pi/4, where two
momenta q = q1 and q = q2 are degenerate.
4. Carrier Density Dependence of FFLO State
(a)
(b)
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Fig. 8. (Color online) center-of-mass momentum in Cooper pairs at T =
Tc(H) as a function of the magnetic field along the [100]-axis. We assume
carrier densities (a) n = 0.05 ≃ 3.5 × 1013 cm−2 and (b) n = 0.1 ≃ 7 ×
1013 cm−2. We plot qy as in Fig. 3(a).
While we clarified the unconventional FFLO states in the
high-carrier-density region with n = 0.15 ≃ 1 × 1014
cm−2, here, we show that they disappear in the low-carrier-
density region. It has been shown that the superconducting
state changes with increasing carrier density from the dxy-
orbital-induced superconductivity to that induced by dyz/dzx-
orbitals.42) For our choice of parameters, the crossover occurs
at around n = 0.07 ≃ 5× 1013 cm−2. This crossover density is
larger than the experimentally observed value of n ≃ 2 × 1013
cm−2,48) but they are in reasonable agreement with each other.
Below the crossover density, the orbital degree of freedom is
almost quenched, and thus the unusual properties of FFLO
superconductivity discussed in Sect. 3 do not appear. Indeed,
the Cooper pair momentum shows conventional growth with
the magnetic field [Fig. 8(a)]. For n = 0.05 ≃ 3.5×1013 cm−2,
the superconducting state shows a single crossover from the
helical state to the FF state as in single-band models.63) Since
the paramagnetic depairing effect is not suppressed as much
as in the quasi-one-dimensional superconducting state for
n = 0.15 ≃ 1 × 1014 cm−2, the magnitude of the Cooper pair
momentum is much larger than that in the high-carrier-density
region [compare Fig. 8(a) with Fig. 3(a)]. We confirmed that
the Cooper pair momentum is perpendicular to the magnetic
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field even for H ‖ [110]. Thus, the ODCS state is not stabi-
lized at n = 0.05 ≃ 3.5 × 1013 cm−2.
Near the crossover carrier density, namely, n = 0.1 ≃
7× 1013 cm−2, the center-of-mass momentum in Cooper pairs
changes sign twice, corresponding to the two crossovers dis-
cussed in Sect. 3.2. qy is negative in the two-dimensional
superconducting state at low magnetic fields, but it is pos-
itive in the quasi-one-dimensional superconducting state in
the intermediate magnetic field region. It again changes sign
at µBH/Tc ≃ 3.7, where the helical state changes to the FF
state. Thus, the nonmonotonic magnetic field dependence ap-
pears in the center-of-mass momentum of Cooper pairs. How-
ever, the sudden change in qy does not occur in contrast to
that shown in Fig. 3(a). Therefore, the double-Q CS state
is not stabilized at least near T = Tc(H). When we ap-
ply the magnetic field along the [110]-axis, the ODCS state
is stabilized, but the critical temperature of the ODCS state
(TODCS/Tc ∼ 0.1) is much smaller than that in the high-
carrier-density region n = 0.15 ≃ 1 × 1014 cm−2 (TODCS/Tc ∼
0.5). These results show that unusual FFLO states appear
in SrTiO3 heterostructures in the high-carrier-density region
above the crossover density.
5. Summary and Discussion
We have investigated the multi-orbital FFLO supercon-
ductivity in two-dimensional electron gases on SrTiO3 het-
erostructures. Owing to the broken inversion symmetry at the
interface/surface, Cooper pairs acquire a finite center-of-mass
momentum in a magnetic field parallel to the two-dimensional
conducting plane. It has been demonstrated that unconven-
tional FFLO states emerge in the high-carrier-density region
owing to the orbital degree of freedom in t2g electrons.
For H ‖ [100], the Cooper pair momentum shows
a nonmonotonic magnetic field dependence indicating the
crossover in the superconducting state. Indeed, the mag-
netic field changes the superconducting state from the two-
dimensional helical state to the quasi-one-dimensional heli-
cal state, and a higher magnetic field stabilizes the quasi-one-
dimensional FF state. Near the crossover from the helical state
to the FF state, the Cooper pair momentum discontinuously
changes, and the double-Q CS state is stabilized below Tc.
For H ‖ [110], the double-Q ODCS state is stabilized in
the high-magnetic-field region. Therein, Cooper pairs formed
by the dyz-orbital and those formed by the dzx-orbital have
inequivalent center-of-mass momenta. These behaviors have
not been shown in single-band models, and they are indeed
attributed to the orbital degeneracy between the (dyz, dzx)-
orbitals. Thus, the ODCS state is a novel FFLO state in the
multi-orbital system.
The unusual properties of the FFLO state disappear in
the low-carrier-density region where the superconductivity is
mainly induced by the single dxy-orbital. Thus, a high car-
rier density is needed to stabilize the multi-orbital FFLO state
studied in this paper. Combining our results with the experi-
mental observation,48) we expect that SrTiO3 heterostructures
are in the high-carrier-density region when n > 2×1013 cm−2.
Two-dimensional electron gases with high carrier densities
beyond n = 1 × 1014 cm−2 have already been realized.3, 6)
Experimental studies of the superconducting state in a high
magnetic field or in the ferromagnetic state are desired to clar-
ify the FFLO state in SrTiO3 heterostructures. We showed that
large in-plane anisotropy in the critical magnetic field will be
evidence of the multi-orbital superconducting state. More di-
rect observation of the FFLO state using scanning tunneling
microscope (STM) and other techniques is of course desired.
We hope that our proposal will be verified.
Finally, we discuss two ingredients that are not taken into
account in our model. One is the subband structure. Ac-
cording to the band structure calculations,50–56) several dxy-
orbital-derived subbands cross the Fermi level. On the other
hand, the dyz/dzx-orbitals are quantized in the [001]-axis direc-
tion because of their light effective mass. The subband struc-
ture in the dyz/dzx-orbitals is negligible, and thus the single-
layer model adopted in this work is justified. Although the
dxy-orbital-derived subbands reduce the carrier density in the
dyz/dzx-orbital-derived band, our results in the high-carrier-
density region are not altered as long as a substantial part
of carriers has a dyz/dzx-orbital property. The other ingredi-
ent neglected so far is the disorder. Although we investigated
the superconducting state in the clean limit, the SrTiO3 het-
erostructures indeed contain substantial disorder.3, 8) The dis-
order may alter our results for the multi-orbital FFLO state
because it smears out the orbital character of the band. Fur-
thermore, it has been shown that the disorder destabilizes the
FFLO state,13) although the helical state is not completely
eliminated.29) Therefore, it is desirable to take into account
the disorder for a comparison with experimental results. We
leave this issue for a future study. It is also desirable to fabri-
cate (at least locally) clean SrTiO3 heterostructures.
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